The concept of nonautonomous (or cocycle) attractors has become a proper tool for the study of the asymptotic behaviour of general nonautonomous partial differential equations. This is a time-dependent family of compact sets, invariant for the associated process and attracting "from -co". In general, the concept is rather different to the classical global attractor for autonomous dynamical systems. We prove a general result on the finite fractal dimensionality of each compact set of this family. In this way, we generalise some previous results of Chepyzhov and Vishik. Our results are also applied to differential equations with a nonlinear term having polynomial growth at most.
Introduction
In this paper, we develop a general theory on the finite dimension of attractors for nonautonomous partial differential equations and we apply it, in particular, to estimate the fractal dimension of the.attractor for the following nonautonomous equation:
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T. Caraballo, J. A. Langa and J. Valero [2] to obtain a uniform global attractor in the sense of [5] , since the trajectories can be unbounded when time rises to infinity. A different approach was developed in [8, 9, 25] (see also [3, 16, 17, 24] ), where the existence of attractors for some stochastic and nonautonomous equations was studied. The main definitions and theorems from the abstract theory of attractors for such systems are given in Section 2.
It is worth pointing out that in such systems the global attractor is not a compact set, but a parameterised family s/(t) of compact sets. We are interested in proving the finite dimensionality of each of the sets sf(t). We note that the union of all the attractors, that is, (J ( € a srf(t), can be infinite dimensional.
In the case of stochastic equations of parabolic and hyperbolic types such results were obtained in [10, 12] and [13] . There are some technical tools in the proofs of these papers that do not seem to be applicable to the nonautonomous case. As far as we know, the only result for the nonautonomous case was proved in [4] under the assumption that the function h(t) was uniformly bounded in the variable t. In such a case, the union of the whole family of attractors (J /6R &f(t) is bounded, and the well-known technique of Lyapunov exponents, developed in [7] , can be adapted with slight modifications. However, when the function h(t) is allowed to have polynomial growth, the supremum of the norm of the global attractor srf(t) can also have polynomial growth, so that we cannot expect the union of attractors to be bounded.
In this paper we extend the general theory on the finite-dimensionality of compact invariant sets in Hilbert spaces (see [1, 14, 20, 23, 27] ) to the case of a parameterised family of global attractors with polynomial growth at most. The invariance property for nonautonomous attractors is now stated for a time-dependent family of compact sets {£/(t)}, e \n and the attraction is defined for trajectories with initial time going to -oo. Thus the idea is to construct a sequence of coverings of &f(t) by iterating n times an initial covering of &/(t -nT*), as n ->• oo.
Further we apply this abstract theorem to the attractor of the equation given above. We note that we are able to obtain the estimation of dimension in the case where the function / (t, u) is globally Lipschitz on the second variable u. In the autonomous case it is possible to change the global Lipschitz condition to a local one by proving that the global attractor is bounded in Loo(fi) (see [15, 21, 28] ). In our case, in order to use a similar idea we would need to obtain an estimation of the norm in L^ (Q) of the union [J r<l &f(r), Vr, which is not possible in general as we have already remarked.
Attractors of nonautonomous equations
In this section, we introduce the general framework in which the theory of attractors for nonautonomous systems is going to be studied (see Crauel et al. [8] and Schmalfuss [26] ). As a first step, we define semiprocesses as two-time dependent operators related [3] The dimension of attractors of nonautonomous PDEs 209 with the solutions of nonautonomous differential equations. In this way, we are able to treat these equations as dynamical systems. Secondly, we give the general definitions of invariance, absorption and attraction and we finish with a general theorem on the existence of global attractors for these equations. 
This map is called a process (this term was introduced by Dafermos [11] ). In general, we have to consider S(t, r, u) as the solution of a nonautonomous equation at time t with initial condition u at time r.
Let <& be a non-empty set of parameterised families of non-empty bounded sets D = {£>(r)}, ea . In particular, D = {D(r)}, eH e ®, where D(t) = B for all r, and B C H is a bounded set. In what follows, we will consider this set $ to be fixed, so that the concepts of absorption and attraction in our analysis are always referred to it. A family K = {K(t)}, ea is attracting if K(t 0 ) is attracting at time r 0 , for all to e R.
The previous concept considers a fixed final time and moves the initial time to -oo. Note that this does not mean that we are going backwards in time, but we consider the state of the system at time t 0 starting at r -> -oo. This is called pullback attraction in the literature (see, for example, [19, 26] ). Note that every absorbing set at time % is attracting. DEFINITION 2.3. Let B = {5(r)} /€R be a family of subsets of H. This family is said to be invariant with respect to the process 5 if S(t, r, fl(r)) = fl(r),forall (r, t) € K Note that this property is a generalisation of the classical property of invariance for semigroups. However, in this case we have to define the invariance with respect to a family of sets depending on a parameter.
We define the omega-limit set at time to of D = [D(t)} e @ as
S<lo T<S
From now on, we assume that there exists a family K = {AT (OLeR of compact absorbing sets, that is, K(t) c H is non-empty, compact and absorbing for each t 6 K. Note that, in this case, The general result on the existence of nonautonomous attractors is a generalisation of the abstract theory for autonomous dynamical systems (Temam [27] , Hale [18] ).
THEOREM 2.6. Assume that there exists a family of compact absorbing sets. Then the family si = {s/(t)}, € \n defined by

J*(t) = U A(D, 0
is the global nonautonomous attractor.
As the proof of this theorem repeats that of [8, Theorem 1.1] with slight modifications, we will omit it. [5] The dimension of attractors of nonautonomous PDEs 211
Dimension of nonautonomous attractors
In [4] , Chepyzhov and Vishik prove a general result for the Hausdorff dimension of kernel sections s/(t) associated with a process [S(t, r)} generated by a nonautonomous differential equation. The main hypothesis is the uniform boundedness of the set Urea ^(0-1° applications, this is related to the existence of a uniform bound for the nonautonomous terms in the system. In our case, we allow these terms to be unbounded in t, so that their results are not suitable for our situation. However, we are able to prove a general result on the finite fractal dimensionality of the nonautonomous attractor.
Let H be a Hilbert space and srf c H be a compact subset of H. We first recall the definition of the Hausdorff and fractal dimensions of si'.
We shall denote by B(a, r) a closed ball of radius r centred at a. Let *fy be a covering of sf by a finite family of balls B(x t , r,) such that sup,(r,) = 8(<2f) < 8. The fractal dimension of s/ is given by
and n f is the minimum number of balls of radius r = e which is necessary to cover s/.
, the converse being false in general (Eden et al. [14] ). Before proving our main result in this section, we will recall a technical lemma which will be repeatedly used in the proof (see [1, Lemma 1] ). where Q N is the projector mapping H onto some subspace H^ of codimension N e N.
Then, for any t] = t)(t) > 0 such that a =cr(t) = (6V^/)
/v (\/25)" < 1, the following inequality holds:
PROOF. Let us fix t e OS and choose r) > 0 such that a < 1. We also take an arbitrary r < t -T*, and denote e( (5/2)e(r))) D ^( r + T*). We take arbitrary yi 7 e ^#i 7 . We shall show that the set of balls B(y\j, ye(x)), j = 1, . . . , mi, y = -J28 (note that we have assumed that y < 1), is a new covering of si(x + T*). Since [7] The dimension of attractors of nonautonomous We have obtained a covering ^ of £^(r + T*) by balls of radius y£(x) such that the number ofballs is mi. Therefore n ye ( T) <m\ < (6l/8) N , where n yc(t) now denotes the minimum number of balls of radius equal to ye(r) which is necessary to cover */{x + r*). Then (8/2) ye(x))) D ^, . We take arbitrary y <:/ ê j . We shall show that the set of balls 5(y y , y 2 e(r)), / = 1,... ,m\,j = 1,...,«,, y = \^5 , is a new covering of .^(r + 27*). Indeed, since sf(x + 27*) C (Jy -^>' it is sufficient to prove that M tj C B{y t j, y 2 e(x)), Vi,j. Let y € ^y . There exist v u v 2 e B(y u , ye(x)) n s/(x + 7*) such that S(x + 27*, r + 7*, uO = y, 5(r + 27*. r + 7*, u 2 ) = > y . Then ||u, -u 2 || < Y^{x) and in view of (3. 
H f {fi/(T + r ) , ye(T), d) = n ye(T) (ye(r)) d < (6l/8) N
Taking d = d(t) = N + rj, we get
), N + r,)
Suppose now that x < t -2T*. Take the covering % = {B(y u , ye(T))}^, of 7*) and define Jt { = S(x+ 2T*,x+ T*, A(x+ T t )DB(y u , ys(x)))r)A(x +
2r
\\y ~ yn'W < y/{8ye{x)Y + {8ye{x)Y = y 2 e(r).
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100013274 [8] We have obtained a covering ^2 of s£(x + 2T*t) by balls of radius y 2 e(x) such that the number of balls is m 2 = WJ 2 (O = ^2"^ n,-. Therefore
Let k e N. If we suppose that r < t -IcT*, we can obtain, in the same way as before, a sequence of coverings %,j = 1, 2 , . . . , k of the sets ^( r +_/' T*) by balls of radius y' e(x) and such that the number of balls is less than or equal to (6l/Sy N . Therefore n y j cM < (6l/Sy N , where n Y i e(l ) now denotes the minimum number of balls of radius equal to y J ' e(r) which is necessary to cover JZ/(T + j T*).
Hence choosing z = t -kT* we obtain Denote S(t, r, « r ) = u(t), where u(r) = u z , which is a process. We denote by SE(H) the class of families of bounded sets B = {fi(r)} reR (5(r) c H) such that hm = = 0, (4.6) r->oo X that is, the class of sets with subexponential growth on the time variable. In this case 9 -SE(H) (see the notation in Section 2). 
Hence d H (tf(t)) < d f (s/{t)) <N + r).
LEMMA 4.2. For any t e 05, there exists a bounded set B 0 (t) in H such that for any family B e SE(H) and any to < t, there exists T = T(B, to) < to such that S(t u r, B ( T ) ) C B O (O,
V
, t) = 2c 2 n(Q)(t -r o ) + ^-[ (c 6 \s\
r + c 7 )
PROOF. It is a consequence of Lemma 4.2 and (4.8).
LEMMA 4.4. For any t e K, *b < t there exists a set B\ (to, t) bounded in V and compact in H such that for any B 6 SE(H) there exists T = T(B, t 0 ) < to such that Vr < T, S(t,r,B(r))cB l (lo,t).
(4.9) Vf € K, (4.11) so that at € SE(H).
PROOF. The existence of the global attractor is a consequence of Lemma 4.4 and Theorem 2.6. available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100013274 [12] Further, we note that, choosing t 0 in Lemma 4.4 such that t -to = I > 0, we have PROOF. The proof is similar to that of [1, Theorem 7] . Let us first prove condition (3.2). We take a fixed / € OS, and arbitrary solutions «(•), v(-). It is easy to obtain in a standard way that
In view of (4.3),
ds Let us now take T* > 0 to be determined later on and depending on t. Gronwall's lemma implies that for any r e R, (5) where rj is given by the condition (6\/2/(r)) (*j28(t)) n -a(t) < 1. We shall further prove (4.13). It is well-known (see [2, From the previous result we can also obtain a uniform bound in t for the fractal dimension of the attractors. COROLLARY 4.7. There exists a positive constant K depending on n, £2, c 5 }, which exists because the function is non-decreasing and bounded below by 0.
and % (•) (but not on t) such that d H (&/(t)) < d f (tf(t)) < K, for all t e R.
